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Abstract. In this study, a reliability-based RBF neural network ensemble fore-
casting model is proposed to overcome the shortcomings of the existing neural 
ensemble methods and ameliorate forecasting performance. In this model, the 
ensemble weights are determined by the reliability measure of RBF network 
output. For testing purposes, we compare the new ensemble model’s perform-
ance with some existing network ensemble approaches in terms of three ex-
change rates series. Experimental results reveal that the prediction using the 
proposed approach is consistently better than those obtained using the other 
methods presented in this study in terms of the same measurements. 

1   Introduction 

Combining the outputs of several neural networks into an aggregate output often 
gives improved accuracy over any individual output [1]. Usually, the output of an 
ensemble network is a weighted average of the outputs of each network, with the 
ensemble weights determined as a function of the relative error of each network de-
termined in training [1]. Accordingly, the resulting ensemble network often outper-
forms the individual networks. Therefore there is a growing research stream [1-5] into 
ensemble methods. For example, performance improvement can result from training 
the individual networks to be decorrelated with each other [2] with respect to their 
errors. Usually, the weights of the existing ensemble methods are determined by error 
or error variance [1, 9, 11] without considering the reliability of neural network out-
put. However, error-dependent neural network ensemble methods do not often obtain 
consistent good performances in forecasting. In some experiments, such as [1, 6], 
error-dependent ensemble network sometimes performs worse than the individual 
neural networks. 

Under such backgrounds, we propose a novel neural network ensemble forecasting 
approach that differs in that the ensemble weights are determined the reliability of 
neural network output. In this study, the reliability is used as a confidence measure of 
network output. That is, the ensemble weights are proportional to the reliability  



 A Reliability-Based RBF Network Ensemble Model 381 

measure of the respective outputs. In addition, the neural network type used in this 
study is radial basis function (RBF) neural network because it can generate a confi-
dence measure due to its specificity. 

The motivation of this study is to formulate a reliability-based RBF network en-
semble forecasting model for exchange rates prediction and compare its performance 
with other existing network ensemble forecasting approaches. The rest of the study is 
organized as follows. The next section presents some previous work done in the en-
semble methods in terms of forecasting. Section 3 describes the reliability-based RBF 
neural network ensemble method in detail. To verify the effectiveness of the proposed 
method, several experiments are performed in Section 4. Section 5 concludes. 

2   Previous Studies 

This section presents some earlier work done in ensemble methods in terms of predic-
tion. Suppose there are n individual neural networks trained on a set D = {xi, yi} (i = 
1, 2, … , n). 

2.1   The Brief Description of Neural Ensemble Predictor 

According to the previous assumption, there are n individual neural network outputs, 
i.e., )(ˆ,),(ˆ),(ˆ

21 xfxfxf n" . The main question of neural ensemble predictor is how 

to combine (ensemble) these different outputs into an aggregate output )(ˆ xf , which is 

assumed to be a more accurate output. The general form of the model for such an 
ensemble predictor can be defined as 
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where wi denotes the assigned weight of )(ˆ xfi , and in general the sum of the weight is 

equal to one, i.e., 1=∑i
iw . In neural network ensemble forecasting, how to determine 

ensemble weights is a focus issue. As earlier mentioned, there are a variety of meth-
ods for determining ensemble weights in the past work, which is presented in the 
following. Typically, there are four ensemble methods, which are described below. 

2.2   The Simple Averaging Ensemble Method (SAE) 

A simple method for combining network outputs is to simply average individual net-
work predictors together, so this approach is called as the “simple averaging ensemble 
(SAE) method”. The SAE is defined as 
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where the weight of each individual network output wi = 1/n. 
Simple averaging ensemble method is one of the most frequently used combination 

approaches is easy to understand and implement [4]. Some experiments [8-9] have 
shown that this approach by itself can lead to improved performance [1] and it is an 
effective approach to improve neural network performance. Specially, it is more  



382 L. Yu et al. 

useful when the local minima of ensemble members are different, i.e., when the local 
minima of ensemble networks are different. Different local minima mean that ensem-
ble members are diverse. Thus averaging can reduce the ensemble variance. 

However, this approach treats each member equally, i.e., it does not stress ensem-
ble members that can make more contribution to the final generalization. That is, it 
does not take into account the fact that some networks may be more accuracy than 
others. If the variances of ensemble networks are very different, we do not expect to 
obtain a better result using simple averaging [10]. In addition, since the weights in the 
combination are so unstable, a simple average may not the best choice in practice [6]. 

2.3   The Simple MSE Ensemble Method (SMSE) 

The simple MSE method estimates the linear weight parameter wi in Equation (1) by 
minimizing the mean squared error (MSE) [11], that is, for i = 1, 2, …, n, 
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where d (x) is the expected value. 
The simple MSE solution seems to be reasonable, but, as Breiman [9] has pointed 

out, this approach has two serious problems in practice: a) the data are used both in 
the training of each predictor and in the estimation of wi, and b) individual predictors 
are often strongly correlated since they try to predict the same task. Due to these prob-
lems, this approach’s generalization ability will be poor. 

2.4   The Stacked Regression Ensemble Method (SRE) 

The stacked regression method was proposed by Breiman [9] in order to solve the 
problems associated with the previous MSE method. Thus, the stacked regression 
method is also called the modified MSE method. This approach utilizes cross-
validation data to modify the simple MSE solution, i.e., 
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where ( ) MT
cvj

m
icvjiji DxfDxfxg ℜ∈= );(ˆ,),;(ˆ)( )()1( " is a cross-validated version 

M
ji xf ℜ∈)(ˆ and Dcv is the cross-validated data. 

Although this approach overcomes the limitations of the simple MSE method, the 
solution is based on the assumption that the error distribution of each validated set is 
normal [10]. In practice, however, this normal assumption does not always hold and 
thus this approach does not lead to the optimal solution in the Bayes sense [10]. 

2.5   The Variance-Based Weighting Ensemble Method (VWE) 

The variance-based weighting ensemble approach estimates the weight parameter wi 
by minimizing error variance 2

iσ [1]; all predictors are error-independent networks, 

i.e., 
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The variance-based weighting method is based on the assumption of error inde-
pendence. Moreover, as earlier mentioned, individual predictors are often strongly 
correlated for the same task. This indicates that this approach has serious drawbacks 
for minimizing error-variance when neural predictors with strong correlation are in-
cluded within the combinatorial members. 

According to the previous descriptions and literature review, the above four neural 
network ensemble methods have widely been used, but we can also find that the 
weights of these ensemble methods are determined by the error or error variance. In 
practice, error-dependent network ensemble model may not often obtain good fore-
casting performance when error is correlated each other [2]. Furthermore, the accu-
racy of each individual network predictor is different in different conditions because 
neural network learning by itself is “the state of the art”. Thus, it is necessary to meas-
ure the confidence of the forecasting results of each output before they are combined. 
In such situations, a novel reliability-based neural ensemble method is proposed to 
overcome the above problems, which is presented in the following. It is worth noting 
that the reliability is used to measure the confidence of neural network output and the 
RBF network is used to constitute a neural network ensemble.  

3   The Reliability-Based RBF Network Ensemble Model 

In this section, we first introduce the radial basis function (RBF) neural network 
briefly. Then the confidence measure — reliability is induced from the RBF neural 
network. Finally, based on the reliability measure, a reliability-based RBF neural 
network ensemble method is formulated. 

3.1   Overview of RBF Neural Networks 

The RBF neural network [12, 13] is generally composed of three layers: input layer, 
hidden layer and output layer. The input layer feeds the input data to each of the 
nodes of the hidden layer. The hidden layer of nodes differs greatly from other neural 
networks in that each node represents a data cluster which is centered at a particular 
point with a given radius. Each node in the hidden layer calculates the distance from 
the input vector to its own center. The calculated distance is transformed via some 
basis function and the result is output from a node. The output from the node is multi-
plied by a constant or weighting value and fed into the output layer. The output layer 
consists of only one node which acts to sum the outputs of the previous layer and to 
yield a final output value. A generic architecture of an RBF network with k input and 
m hidden nodes is illustrated in Fig. 1. 
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Fig. 1. The generic architecture of the RBF neural network 

The computation process of the RBF neural network follows the following proce-
dures. When the network receives a k dimensional input vector X, the network com-
putes a scalar value using the following formula: 
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+==

m
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where w0 is the bias, wi is the weight parameter, m is the number of nodes in the hid-
den layers of the RBF neural network, and )( iDϕ is the radial basis function. In this 

study, the Gaussian function is used as radial basis function, as shown below. 

)/exp()( 22 σϕ ii DD −=  (8) 

where σ is the radius of the cluster represented by the center node, the Di representes 
the distance between the input vector X and all the data centers. It is clear that 

)( iDϕ  will return values between 0 and 1. Usually, the Euclidean norm is used to 

calculate distance, but other metrics can also be used. The Euclidean norm is calcu-
lated by 
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where c is a cluster center for any of the given nodes in the hidden layer. 
Complex nonlinear systems such as time series data are generally difficult to model 

using standard linear regression [13]. Dissimilar to the regression, neural networks are 
nonlinear and their parameters are determined by some learning techniques and search 
algorithms such as error back propagation and steep gradient algorithm. The main 
drawback of the standard neural networks is that their parameters learning algorithm 
is time-consuming and have a tendency to get stuck at local minima [14]. But RBF 
neural networks overcome the above problems to obtain good performance since their 
parameters that need to be trained are the ones in the hidden layer of the network. 
Finding their values is the solution of a linear problem and can be obtained through 
interpolation [12]. Therefore, their parameters are found much faster than in other 
neural networks. Furthermore, the RBF network can usually reach near perfect accu-
racy on the training data set without trapping into local minima [13]. 
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3.2   Confidence Measure and Reliability 

Once the parameters are determined by training the data, the RBF network can be 
applied to perform prediction for any unknown input vectors. But the confidence of 
the output results is an important issue for any prediction problems. In this study, 
other than the basic output, the RBF network is also used to generate confidence 
measure to verify the reliability of network output. 

Actually, using RBF neural network to generate a confidence measure is not a new 
idea. Lee [15] used this principle in a handwritten digit recognition program and 
achieved good results. Lee used as a measure of confidence the numeric difference 
between the two output nodes with the highest values. Leonard et al. [16] explored 
two methods of measuring the reliability of prediction: the maximum activation value 
function and Parzen estimator and concluded the Parzen method superior as it took 
into account the distribution of the training data. Wedding and Cios [13] also used the 
output of the Gaussian basis function to calculate a certainty factor value. The cer-
tainty factor was calculated from the input vector’s proximity to the hidden layer’s 
node centers rather than the data distribution of the training vectors. The reliability 
proposed in this study is a variation of [13]. 

In this study, a new confidence measure called reliability for RBF neural networks 
is proposed. The reliability can be generated by RBF through using the )( iDϕ  value 

from the basis functions in the hidden layer, as shown in Equation (8). When the out-
put )( iDϕ of a hidden layer node is high (near one), then this indicates that a data 

point lies near the center of a cluster and the data is familiar to that particular node 
and therefore the network is confident in the output. Conversely, if the )( iDϕ  is very 

small (near zero), this implies that the data point lies outside of a cluster and thus the 
network is not reliable in the result. Because the reliability is used to measure the 
overall network, then all the values from different centers should be combined into a 
single one. According to the positive correlation between the reliability and )( iDϕ , 

the reliability measure of overall network can be computed by 
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where Rj is the reliability of the individual network j and )( iDϕ  is the corresponding 

output value at hidden neuron i. As Equation (10) revealed, the larger the R, the larger 
the reliability. Then the weight of this individual network should be larger than that of 
others in the ensemble. That is, the large reliability should correspond to large weight 
in the ensemble network so as to improve the prediction accuracy. In terms of reliabil-
ity measure, a reliability-based RBF network ensemble forecasting model is formu-
lated in the following. 

3.3   Reliability-Based Weighted Ensemble (RWE) Method 

Instead of choosing error-dependent weights, we allow the weights to adjust to be 
proportional to the reliability measure of the respective network outputs. We might 
achieve better performance. Define the reliability-based weighted ensemble (RWE) 
network as:  
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where the iw s are as: 
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The iw s sum to one, so RWEf̂  is a weighted average of the individual network out-
puts. The difference is that the weight vector is determined by confidence measure — 
reliability to try to give the best prediction under consideration, instead of choosing 
error-dependent weights with respect to a cross validation set. Each RBF network’s 
contribution to the sum is proportionate to its confidence measure, i.e., reliability. For 
testing, several experimental examples are presented below. 

4   Simulations 

4.1   Data 

In this study three foreign exchange series are selected for comparison purposes. The 
foreign exchange data used in this paper are monthly and are obtained from Pacific 
Exchange Rates Services (http://fx.sauder.ubc.ca/), provided by Professor Werner 
Antweiler, University of British Columbia, Vancouver, Canada. They consist of the 
US dollar against each of the three currencies — German marks (DEM), British pound 
(GBP) and Japanese yen (JPY) studied in this paper. We take monthly data from Janu-
ary 1971 to December 2000 as in-sample (training periods) data sets (360 observations 
including 60 samples for validations). We also take the data from January 2001 to 
December 2004 as out-of-sample (testing periods) data sets (48 observations), which is 
used to evaluate the good or bad performance of prediction based on some evaluation 
measurement. In order to save space, the original data are not listed here, and detailed 
data can be obtained from the website or from the authors. For comparison, two typical 
indicators, mean squared error (MSE) and directional statistics (Dstat) were used in this 
study. Usually, MSE is an ordinary level predication measurement and while Dstat is a 
directional prediction measurement, as defined in [7]. 

4.2   Empirical Results 

In this study each of the three ensemble methods was implemented and tried on sev-
eral data sets for comparison. Ten feed-forward neural networks with sigmoidal acti-
vation functions and four hidden nodes were trained for each training set, then tested 
as an ensemble for each method for the testing set. Each network was trained with 
standard back-propagation for 100 iterations with a learning rate of 0.2 using the 
Matlab software package, which is producted by Mathworks Laboratory Corporation. 
In addition, the best individual network using cross-validation (CV) (NCV for short) 
[3] method (i.e., select the individual network by minimizing the mean squared error 
on CV) is chosen as benchmark model for comparison. Accordingly, the results ob-
tained are reported in Tables 1 and 2. 
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Table 1. A comparison of MSE between different methods for the three exchange rates 

DEM GBP JPY          

MSE Rank MSE Rank MSE Rank 
NCV 0.0035 5 0.0019 5 0.0048 6 
SAE 0.0038 6 0.0018 4 0.0043 5 

SMSE 0.0031 4 0.0021 6 0.0040 4 
SRE 0.0029 3 0.0015 2 0.0037 3 
VWE 0.0025 2 0.0016 3 0.0031 2 
RWE 0.0022 1 0.0009 1 0.0028 1 

Table 2. A comparison of Dstat between different methods for the three exchange rates 

DEM GBP JPY          

Dstat (%) Rank Dstat (%) Rank Dstat (%) Rank 
NCV 64.58 6 70.83 5 62.50 6 
SAE 72.91 4 68.75 6 66.67 5 

SMSE 66.67 5 70.83 4 75.00 4 
SRE 79.17 3 83.33 3 77.08 3 
VWE 81.25 2 85.41 2 81.25 2 
RWE 87.50 1 89.58 1 83.33 1 

Tables 1 and 2 give clear comparisons of various methods for the three currencies 
via MSE and Dstat. Generally speaking, these tables provide comparisons of level and 
direction among these different methods. Experimental results reveal that the predic-
tion performance of the dynamically weighted ensemble forecasting model is better 
than those of other ensembles models. 

Focusing on the MSE indicator, our proposed ensemble method performs the best 
in all the cases, followed by the VWE, SRE. Interestingly, the MSE of the SAE are 
not better than those of the best individual network model for the DEM testing case, 
and the MSE of the NCV are worse than those of the SMSE for the GBP case, imply-
ing that the SAE and SMSE does not consider the fact that some networks may be 
more accurate than the others. 

However, the low MSE does not necessarily mean that there is a high hit ratio for 
foreign exchange movement direction prediction. Thus the Dstat comparison is neces-
sary for practitioners. Focusing on Dstat of Table 2, we are not hard to find that the 
proposed dynamically weighted ensemble forecasting model outperforms the other 
ensemble models and the benchmark model according to the rank; furthermore, from 
the business practitioners’ point of view, Dstat is more important than MSE because 
the former is an important decision criterion in foreign exchange trading decision. 
With reference to Table 2, the differences between the different models are very sig-
nificant. For instance, for the JPY testing case, the Dstat for the best individual ANN 
model via NCV is only 62.50%, for the SAE method it is 66.67%, for the SMSE, it is 
75.00%, and the Dstat for SRE is 77.08%, and for the VWE, Dstat is 81.25%; while for 
the RWE method, Dstat reaches 83.33%. Furthermore, like MSE indicator, the  
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proposed ensemble method performs the best in all the cases, followed by VWE, 
SRE, and the poorest is the individual network model via NCV. The main reason is 
that our proposed approach can adjust its weights dynamically, giving it an advantage 
over other ensemble methods whose weights are fixed as a part of training. 

5   Conclusions 

This study proposes a reliability-based RBF neural network ensemble forecasting 
model to obtain accurate prediction results and improve prediction quality further. In 
terms of the empirical results, we can find that across different ensemble models for 
the test cases of three main currencies — German marks (DEM), British pound (GBP) 
and Japanese yen (JPY) — on the basis of different criteria, our proposed ensemble 
method performs the best. In the proposed reliability-based RBF network ensemble 
model testing cases, the MSE is the lowest and the Dstat is the highest, indicating that 
the proposed reliability-based RBF network ensemble model can be used as a viable 
alternative ensemble solution to exchange rates prediction. 
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